In real-life elections, voters do not have full information over the policy platforms proposed by political parties. Instead, they form (imprecise) beliefs. I propose a new model of partisan competition to represent the interaction of these beliefs with platform selection. Both parties gain more from appealing to the voters with more precise beliefs over their platform. Minority candidates viewed with less precision overall gain relatively more from outliers. Therefore, the Median Voter Theorem is recovered if and only if voters' policy preferences are uncorrelated with the precision of their beliefs about each candidate, and preferences are distributed symmetrically. Otherwise, even election-motivated parties diverge away from each other. As the population becomes polarized in how they form beliefs about politics, they will become polarized on political grounds as well, providing a new explanation for recent political polarization in the United States which, under reasonable assumptions, is more in line with the stylized facts than models with perfect beliefs.
Introduction
It has long been understood by social scientists that voters do not have full information concerning the policy platforms of parties. Voters are unable to recall the most basic of political facts (Cambell et al. (1960) ; Kinder and Sears (1985) ; Carpini and Keeter (1996) ), misunderstand statements made by politicians (Mason (2015) ), make voting decisions based upon irrelevant information (Leigh (2009); Wolfers (2009) ; Healy, Malhotra and Mo (2010) ; Huber, Hill and Lenz (2012) ; Achen and Bartels (2013) ), and base their beliefs on a slew of private conversations and biased opinions (Levy and Razin (2015) ; Ortoleva and Snowberg (2015) ). What's worse, they often have little incentive to improve the knowledge that they do possess, i.e. they are "rationally ignorant". As noted by Lupia and McCubbins (1998) , "Ironically, for many political issues, information is not scarce; rather it is the cognitive resources that a person can use to process information that are scarce". Indeed, recent experimental evidence (Woon (2015) ; Hill (2016) ) shows that even in relatively simple settings voters display out-of-equilibrium beliefs, while Al-Najjar and Shmaya (2015) show that inconsistent beliefs are necessary to model disagreement about the fundamentals of the world. Despite this, our major models of partisan competition assume perfect beliefs on the part of voters.
Similarly, parties are simultaneously becoming more polarized both along cultural and socioeconomic grounds, as well as in policy (e.g., Brewer and Stonecash (2007) ; Mason (2015) ; Gentzkow, Shapiro and Taddy (2016) ). For example, the Pew Research Center has shown that white, working class voters, a historically split demographic, have strongly and rapidly sorted into the Republican Party over the past decade, with nearly 60% now identifying as strong Republicans (Pew (2012) ). As there is evidence that different socioeconomic and cultural groups have difficulty communicating with each other (e.g., Hymes (1964) ; Lang (1986) ; Lazear (1999) ; Wedeen (2002) ), this problem will be amplified by the extension to politics, where voters have little incentive to bridge the gap in understanding between themselves and the candidates or the candidates' supporters. Therefore, voters will have more precise beliefs over the platforms presented by parties that "speak their language". If parties know this, they will set their policies accordingly, effectively committing to their own cultural base rather than the general population.
I propose a new voting model, the imperfect beliefs voting model, to represent this interaction of beliefs, culture, and communication. In a fashion similar to the prob-abilistic voting framework 1 , my model creates continuity by adding a stochastic element. Unlike probabilistic voting, however, the beliefs, rather than preferences, of voters are stochastic; the more culturally distant a voter is from a party, the greater the potential ex-post error in beliefs. Therefore, the results depend on how cultural distance interacts with personal policy preferences.
Simply allowing voters to have imperfect (non-equilibrium) beliefs over exactly what platforms candidates will implement leads to substantively different policy outcomes than the previous models, even without exogenous candidate preferences or lobbying. In particular, this leads to a model with purely election-motivated candidates better matching the empirical evidence with regards to political polarization within the United States without relying upon changes in underlying politician or voter preferences. It does this while maintaining the tractability of the Downsian framework, allowing for positive policy analysis. A preview of the results follow:
When policy preferences are correlated with belief precision, there will be divergence away from the median voter as both parties gain marginally more from appealing to the voters with whom they can communicate more easily. Therefore, as the population becomes polarized on cultural grounds, they will become polarized on political grounds as well.
If policy preferences are uncorrelated with cultural distance, and hence precision of beliefs, we may retrieve the classic Median Voter Theorem. Even here, however, the Median Voter Theorem may fall apart if one politician is viewed with more precision by a larger portion of the population and there is some skew in the distribution of voters' preferences (for example, due to the log-normal distribution of income). In this case, the party which is viewed with less precision will have an incentive to appeal to outliers in the distribution who are less likely to flip their preferences due to small amounts of noise. In this way, non-incumbent, "outsider" parties will appeal to more extreme elements of the population, as seen in, e.g., Fiorina (1973) and Ansolabehere, Snyder and Stewart (2001) . This result shows the power of imperfect beliefs beyond the results of other models of party bases, such as, e.g., Glaeser et al. (2005) and Virag (2008) .
Taken together, this provides an explanation for the party polarization in the United States that has occurred over the last half-century. While there is little evidence that the nation at large is becoming more polarized on political values, politicians currently are at their most polarized when it comes to voting behavior (e.g. Ozdemir and Ozkes (2014) ). (2006), maps the difference between the average DW Nominate scores, a measure of partisan voting behavior, for party politicians in the U.S. House and Senate (Carroll et al. (2013) ). A sizable literature has emerged, reviewed by Fiorina, Abrams and Pope (2005) and McCarty et al. (2006) , questioning several potential explanations, such as a polarizing electorate, changes in electoral institutions, gerrymandering, and the rise of primary systems within the parties. At the least, it appears that there is still a substantial residual even controlling for these institutional changes: Fowler and Hall (2016) find that parties have diverged as much on salient issues as non-salient issues, while Brunell, Grofman and Merrill (2015) find that 80% of the increase in polarization must be explained by within-district polarization between candidates rather than increased partisan bias or sorting of voters. The model provides endogenous results consistent with the time-series evidence, showing that politicians have polarized as voters have begun sorting based on socioeconomic characteristics and as inequality has grown.
2 It implies that cultural segregation and sorting, such as the selective move into the suburbs and assortative mating, have impacted positive policy outcomes.
In particular, one difference between the imperfect beliefs voting model and Downsian/probabilistic voting models comes via the role of identity. Probabilistic voting 2 While the data on polarization and housing segregation referenced within this paper rely on time series at a national level, the results of, e.g., Brunell, Grofman and Merrill (2015) , show that the increase in congressional polarization must be related in a strong way to within-district polarization, and hence a within-election explanation is necessary. models predict that voters whose sociocultural identity is tied to a party or candidate will actually be relatively ignored in terms of policy outcomes. For example, this leads to the oft-repeated prediction that African American priorities are ignored by both parties as they vote overwhelmingly for the Democrats. However, this prediction relies on the assumption that such a preference is based on valence and not tied to the policies supported by the candidates. If, instead, the role of identity is to increase the perceptiveness of the voter with respect to a particular candidate, we should expect that they will be better represented by that candidate and less represented by the opposition. So, instead of being equally ignored by both parties, the model predicts that African Americans should be best represented by those candidates (usually Democrats) who are culturally tied into their community, while being less represented by Republicans. In equilibrium, this will still lead to the observed vote shares, but does not require an exogenous assumption of valence.
Finally, I apply the model to the classic Meltzer and Richard (1981) model of political redistribution. The implications of the model in this context are two-fold. First, we should be focusing on the interaction between the rich and the poor and the ability of the two groups to communicate ideas of redistribution to each other; it is this sociological relationship which will have a greater impact than inequality itself. Second, under the realistic assumption that incomes are distributed log-normally, the two parties will diverge, leading one to offer inefficiently high levels of government spending, and the other to potentially offer inefficiently low spending. The model predicts that divergence will increase between a small government and a big government party, with an ex-ante ambiguous impact on the ex-post fiscal policy implemented. Moreover, if the two parties tend to be divided by income, as is seen in most nations, this divergence will be even greater.
Literature
The increase in political polarization within the United States over the past halfcentury remains difficult to explain within a general, tractable formal framework. Voting models of non-ideological, strategic candidates, following Downs (1957) , tend to predict convergence, while divergence required ideological candidates with some form of commitment problem.
3 For example, Glaeser, Ponzetto and Shapiro (2005) showed that policy divergence could be acquired if candidates targeted their messages to different social groups, encouraging them to turnout. Similarly, Feddersen and Gul (2014) and Krasa and Polborn (2014) recently have shown that polarization can be driven by rising inequality, but they relied on both ideological candidates and a need for donations to garner this result. However, the imperfect beliefs voting model shows that it is also possible to derive divergence and potentially explain polarization by focusing on voter uncertainty over policy, a phenomenon that has been observed throughout the political sphere. Previous literature on uncertainty has focused on imperfect observation of candidate quality, defined as ability to deliver public services efficiently, rather than uncertainty over the state of the platform itself (e.g. Coate (2004); Carrillo and Castanheira (2008); Frenkel (2014) ). For example, Carrillo and Castanheira (2008) find that, with asymmetric information over candidate investment in quality, candidates may have an incentive to diverge from the median voter in order to signal their quality. In contrast, this model generates divergence without a separate voter preference for candidate quality, i.e. only ideological voters.
There are a number of major papers that deserve attention for doing work on platform uncertainty (e.g., Berger, Munger and Potthoff (2000) ; Alesina and Holden Matejka and Tabellini (2016) ). Most of this work has focused on cases with candidate bias or restricted choices, while Virag (2008) , Matejka and Tabellini (2016), and Agranov (2012) are similar to the model in that they feature purely Downsian candidates, though the former two can only achieve a special case of culturally differentiated preferences and the latter requires the context of a primary campaign. The model generalizes these results by relaxing the assumption of perfect Bayesian beliefs, obtaining divergence and realistic dynamics even with purely Downsian candidates and no correlation between beliefs and preferences within a general election. This allows the model to feature testable implications concerning the dynamics of polarization and divergence discussed above without making assumptions about exogenous changes to candidate preferences or electoral law.
The paper also adds to a growing literature on behavioral political economy (e.g., Ashworth and de Mesquita (2014); Matejka and Tabellini (2016); Klingelhöfer (2017) ) which shows that strategic candidates behave in starkly different ways in light of boundedly rational voters than they would in the face of perfectly rational voters. This is an essential inquiry due to the long literature in political behavior showing just such imperfections by voters. The model adds to this literature by providing a general framework for analyzing policy formation in light of a very realistic and commonly observed bound upon standard behavior.
The Model

Parties
Following standard convention, I model an election consisting of two candidates (or parties), 1 and 2, competing for the votes of a set of citizens of measure one. The parties only care about the rents that can be obtained from holding office, i.e. they have no personal policy beliefs. 4 Once elected, a victorious party implements the policy platform to which he committed himself during the campaign. For simplicity, let us consider policies P ∈ [a, b] ⊂ R. This standard framework allows for increased tractability and comparison to other models of political competition. I assume that the parties will pick their policy platform P k to maximize their expected vote share, π for party 1; 1 − π for party 2.
5
I allow for full commitment on the part of candidates, such that candidates will make their intentions known in the form of public platforms.
6 These platforms will be chosen simultaneously by the two candidates.
Voters
Every voter possesses an ideal policy point, x i ∈ [a, b] ⊂ R, such that they prefer a policy closer to their ideal, with x i ∼ Σ(·), where Σ is a continuous, differentiable CDF. Therefore, the voter will vote for the party that he believes will maximize his utility:
4 One can alternatively think of strategic parties choosing politicians (who do possess personal policy preferences) in order to maximize electoral success.
5 While it may be of interest to consider maximizing the probability of winning instead a la Lindbeck and Weibull (1987) , this exercise proves to be mathematically intractable due to the structure of the model, while not appearing to provide any additional illumination of candidate behavior since the asymmetry in candidate incentives holds in either case. For example, consider the probability of winning as an increasing function Ψ(π), where π is the expected vote share. In this case, the relevant equilibrium condition for candidate 1 is = 0. See Persson and Tabellini (2002) for further defenses of this assumption. 6 While it is certainly true that commitment problems and candidate policy biases exist, their role in generating divergent behavior has been explored elsewhere in the literature; I seek to identify a new cause of divergence which has not otherwise been identified: voter beliefs and cultural distance. Indeed, adding limited commitment to the model will simply add to the incentives for divergence between the parties unless we assume that the parties share an ideal point over policy.
(1)
i is voter i's subjective belief about the policy platform of party k and the utility function is single-peaked and symmetric about the ideal point. These voters will vote sincerely based upon their beliefs. The driving assumption of the imperfect beliefs voting model is that these beliefs must only be consistent with a subjective beliefP k i , and that this belief depends in some way upon the true policy platform P k . This provides the model with flexibility, allowing the social scientist to match voter behavior to the data. Let δ i k ∈ {0, δ} be a measure of sociocultural distance between the party and voter i, where δ > 0, such that the variance ofP Definition 2: Voter i has type θ i ∈ {1, 2} such that if θ i = k, i is within the cultural base of party k. Let µ be the probability θ i = 1.
Through various social networks and individualistic information sources, voters will always have a relatively better idea of the platform for one party compared to the other. This focuses emphasis on the role of intelligibility and social sorting in politics (e.g. Wedeen (2002) ; Mason (2015) ). Therefore, a portion µ of the population is within the base of party 1, will have more precise beliefs over that candidate, and will correctly assess their utility from supporting that candidate, with the rest within the base of party 2, featuring the potential for imperfect signals. The starkness of this assumption allows for tractability in analysis of the model, but is not substantive, as adding voters within the base of both parties limits to the standard Downsian model. Therefore, as shown in Appendix B, the key assumption is simply the asymmetry such that some voters have a smaller propensity to have ex-post errors about a particular candidate.
Since the base represents those with whom a party can better relate their platform, the social network and communication asymmetries that divide the voting population into bases may also divide the population by policy preferences. Therefore, let G(x i ) = Σ(x i |θ i = 1) and H(x i ) = Σ(x i |θ i = 2), where G and H are single-peaked, continuous, and differentiable. Therefore, the policy preferences x i for any voter i in the base of party 1 will be distributed according to G, and similarly for 2 and H. Larger differences between elements of G and H represent greater correlation between the social-cultural and policy differences within the population.
7
For notational convenience, let G med be the median voter of G, H med be the median voter of H, and x med be the median voter of the general population, with similar definitions G, H, and x for the means.
Additively Symmetric Beliefs
For the remainder of the paper, however, I will limit the analysis to a special form of beliefs such that voter beliefs will be correct in expectation: i will be drawn from a distribution with symmetric CDF F with mean 0, standard deviation σ 2 , and full support. In addition, let f be the well-behaved PDF of F , which is strictly decreasing in |x|, with lim |x|→∞ f (x) = 0; hence, larger errors are less likely than smaller errors. Here, the key is that the precision of voter beliefs with respect to party platforms is diminishing in their cultural distance from a party and the bulk of the population has reasonable, albeit potentially wrong, beliefs about the platforms, though radically wrong beliefs are still permitted. This symmetry is consistent with empirical (e.g., Bartels (1996); Cabral and Hoxby (2012) ) and experimental (e.g., Hill (2016) ) evidence that individual voter "mistakes" average to zero in the aggregate.
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To see how such a reduced form may be generated, note that these beliefs are isomorphic to scenarios with overconfident voters (e.g. Ortoleva and Snowberg (2015) ). Suppose that voters begin with some common prior distribution Z k over party k's policy and receive noisy signalsP k i = P k + δ i k i . Now suppose that they are overconfident and believe that δ i k = 0 ∀k; in other words, they are overconfident in their ability to interpret their platform. This would generate exactly the ex-post beliefs above, as voters believe they have received a precise signal when, in fact, they are receiving a noisier signal about one candidate. Such overconfidence is consistent with a model in 7 The "bases", however, may share common support. Therefore, they capture both party bases in the traditional sense, as well as opposition voters who may pay more attention to holding the other side accountable than to their own candidates. For example, in the 2016 election, some voters on the left may have been more aware of Donald Trump's policies vis a vis immigration, criminal policy, etc. than Hillary Clinton's particular history on these same issues. These voters would be part of Trump's base rather than Clinton's. The model simply assumes that they will be of smaller measure than the number of voters who have more information about the proposals on their own side.
8 Systemic biases would simply increase the incentives for politicians to diverge away from the median voter's preferences, as seen in previous work. the vein of Feddersen and Pesendorfer (1996) in which only voters who are confident in their political information turnout, and is also consistent with the American National Election Studies (2014) data which show that conditional on turning out, voters are very confident in their political beliefs.
Therefore, given platform positions P 1 and P 2 , the parties will know that the expected vote share of party 1, π, is
Equilibrium
I will analyze subgame perfect equilibria of the game between the parties described above. Specifically, I define the game and equilibrium of interest as follows:
Definition 4: An Imperfect Beliefs Voting Game, Π, consists of the tuple {G, H,µ, δ,{P
A political equilibrium for Π consists of a pair of policy platforms (P 1 ,P 2 ) such that:
2 ), and votes for each with probability Note that for the voters, we relax the standard Nash assumption that there must be consistency between a player's beliefs and the outcome; here, we simply require that this relationship exist for those politicians in whose base a given voter resides. 9 Note that if voters were fully rational in a Nash sense (e.g. with common knowledge of the game being played between candidates and voters), a voter in the base of party 1 would treat any communication from party 2 as cheap talk (as in Glaeser, Ponzetto and Shapiro (2005) ). Therefore, the incentive discussed in Proposition 1 would be enhanced as parties would have no incentive to appeal to voters who did not have precise beliefs over their platform. The equilibrium of such a game would trivially be for each party to diverge to the median ideal point of their base. While this does not appear to describe actual voter behavior, it does help highlight the incentive structures that exist with Culturally Differentiated preferences.
Political Equilibria Analysis
Within the classical probabilistic voting framework, both parties feature identical incentives. This symmetry in marginal voters is what leads to the convergence results which underlie positive policy analysis within such models. The probabilistic element enters as a linear shift in voter preferences, maintaining marginal utilities over policy platforms. Therefore, swing voters are equally appealing to both parties.
In contrast, with imperfect beliefs the voters do not change the marginal likelihood of their vote by the same amount. In this case, the probabilistic element is within the utility function rather than an external shift to preferences. This is what differentiates the imperfect beliefs voting model from a probabilistic voting model in which the parties simply have asymmetric beliefs over each group's swingability.
Equation 1 for any voter i can be rewritten in terms of the error :
1. A voter i of type 1 will vote for 1 iff
2. Voter i of type 2 will vote for 1 iff
Property 1 highlights the crucial incentives created by imperfect voter beliefs. In order to consider the swingability of each voter, it is useful to think in terms of their voting responsiveness with respect to voting for each candidate: Definition 6: Voter i's responsiveness with respect to P k is the marginal change in the probability of supporting candidate k given a change in
Proposition 1: Consider two voters, i and j, who differ only in that voter i is within the base of party 1 and j is within the base of party 2. The following is true:
1. The responsiveness of voter i is greater than the responsiveness of voter j with respect to P 1 , and vice-versa for P 2 . voters possess imperfect beliefs, however, Proposition 1 tells us that there is now an asymmetry in the relative gains to be had to parties from given voters. To see the intuition, consider the extreme case in which a voter in the base of party 1 will have a fixed distribution of beliefs over party 2 independent of P 2 , and vice-versa for those within the base of party 2. In this case, voters in one party's base will only be affected by the policy of that party, and will be perfectly inelastic with respect to the other party's choice of platform.
For an example, consider figures 2 and 3. In Figure 2 , the voter represented by ideal point x i is within the base of party 1. Suppose we start at a position where both parties represent the same platform, shown here at P 1 = P 2 . In this case, the ex-ante distribution of voter i's beliefs with respect to candidate 2's platform are represented byP 2 (P 2 ). Therefore, they will vote for party 2 if and only if their beliefs fall in the shaded area (i.e., A+B+C). Now consider party 1 moving in the direction of i's ideal point to P 1 . A move in her direction will decrease the chance she votes for party 2 (shrinking the area to B) by increasing the possibility that she thinks party 2 is "too extreme" relative to party 1. This is done along two dimensions: it both decreases the probability that she thinks that party 2 is to the left of party 1 (removing area C), while also increasing the probability, conditional on thinking that party 2 is to the left, that she thinks that party 2 is too far to her left (area A). As evidenced in figure 2 , the latter possibility is less likely, but not impossible (A < C).
By contrast, if the voter is in the base of party 2, the distribution of errors for i at the point of convergence such that he would vote for 1 is the complement of that when he's in 1's base (B+C+D in figure 3) . Therefore, the effect of party 1 moving in her direction is not so simple: changes in the platform shift the distribution, not the boundaries. It is still true that the platform change will decrease the probability that party 1 will be viewed as to the right of party 2 (removing area D); however, it will also increase the probability that party 1 will be viewed as too far to the left (area A will now result in a vote for 2). Therefore, the voter is less responsive to party 1's platform change then she would have been if she had perfect beliefs as she may "overreact" to a shift to the left by thinking that party 1 is becoming too radical relative to her (perfect) belief of party 2.
From here forward, I will take one functional form assumption in order to allow us to talk about a "left" party and a "right" party:' Assumption 2: G and H have quasiconcave PDFs, with G med ≤ H med . Another way to think of Culturally Differentiated preferences is that cultural distance δ i is correlated with policy ideal points x i . In these cases, we can differentiate ideal policies by group. Hence, Culturally Independent preferences are those where x i is independent of δ i . These two cases allow us to explore the most common ways in which communication and culture interact with policy preferences.
Culturally Differentiated Preferences
In much of the world, parties are increasingly looking very different from each other in terms of demographic attributes such as income, marriage rates, ethnic background, etc. Evidence has increasingly shown that such differences have an impact on the policies implemented (e.g., Levitt (1996) ). Indeed, the language of the two parties is increasingly becoming more differentiated (e.g., Gentzkow, Shapiro and Taddy (2016) ). Therefore, in a world of increasing social-cultural polarization, it makes sense to begin by allowing for correlation between policy preferences and sociocultural dis-tance.
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As discussed above, the two parties may have a comparative advantage in certain classes of voters depending on the distribution of beliefs and preferences. This leads to the following major result:
Theorem 1: If there are culturally differentiated preferences, then there exists a pure-strategy equilibrium.
In particular, with µ = 1 2
and G(x med − ) = 1 − H(x med + ) for any ≥ 0, then the unique equilibrium involves both parties place the same distance between x med and the median of their base, and both win the same share of the vote.
The level of divergence, |P 1 − P 2 |, is greater given greater cultural distance between groups, δ.
By Theorem 1, the Median Voter Theorem is generally violated. Even with a single-peaked, symmetric distribution of voter preferences and two parties with identicallysized bases, the inability to perfectly communicate with members of the opposing party's base causes a form of policy "risk aversion" on the part of candidates as described in Proposition 1. Therefore, each party will tend more towards those who can observe them perfectly, knowing that in expectation they are more likely to "get it right" and recognize that the party matches their preferences. If either party was to try to move towards the median of the general population, they risk losing more voters from their own base who hold incorrect ex-post beliefs over the other party than they are likely to gain by trying to capture the other party's voters. In general, the parties will locate at just the right position such that they will, in expectation, capture the voters within their own base while still remaining in play for moderates of the other side.
To elucidate why convergence cannot be an equilibrium with asymmetric bases, consider Proposition 1. Suppose the two parties were to converge to the platform of the median voter. With perfect beliefs, this would be optimal for both sides as they would simultaneously lose as many voters as they gain by changing their platform. However, with imperfect beliefs, there is an asymmetry in the way that such probabilistic gains and losses would occur. Suppose party 1 was to move to the left. They would lose support in expectation from the members of party 2's base. However, this loss is only of a second order, as the range of errors such that a base voter of party 2 will vote for candidate 1 remains the same; the loss in expectation only comes from the fact that large errors are less likely than small errors. In fact, for moderate members of 2's base, the party actually reduces the probability of said voters thinking they are too extreme.
By contrast, for much of party 1's base (those that will remain to the left of his new policy profile), the errors will not only now need to be smaller, and therefore more likely, but the range of sufficient errors such that 1 wins is now larger in absolute terms. Therefore, while these ideologically committed voters still know that the party is "too moderate", there will now be a larger range over which they believe that the other party is either even more moderate or too extreme. In equilibrium, by Proposition 1.2, the two parties will diverge enough that the probabilities of such ex-post errors are so low that the candidate will have nothing to gain from further pandering to his base.
Note that in equilibrium it is unlikely that the voter will ever believe that party 1 is to the right of party 2. Therefore, part of the equilibrium dynamics which occur will limit the real impact of the voters' imperfect beliefs. While, in reality, few believe that the Republican party is to the left of the Democratic party, this is an equilibrium outcome.
11 If the two parties were actually to converge to a symmetric policy, there would be nothing unreasonable about believing any directional relationship between the two. , P 1 = −.32 and P 2 = .32. Therefore, the population is divided almost into thirds: one-third of the population is to the left of candidate 1, one-third is to the right of candidate 2. and one-third is in between both candidates. Note, in addition, that the probability of casting a mistaken vote is very small: a voter only with x i = ± will only cast a mistaken vote with a probability of about .25, while a voter located at the extreme of the distribution (x i = ±1) will make a mistake with a probability of about .17. Despite these relatively small equilibrium rates of mistakes, it is the off-path possibility that leads to substantial divergence on the part of the parties.
Culturally Independent Preferences
Culturally Independent preferences are a useful limiting case which can be used to examine situations in which the correlation between voter ideal points and political belief formation are weak.
With the assumption of Culturally Independent preferences, we may reacquire the Median Voter Theorem:
Theorem 2: Let µ ≥ 1 2 and x ≥ x med . If there are Culturally Independent preferences, there exists a unique equilibrium such that P 1 ≤ x med ≤ P 2 and |P 1 − x med | ≤ |P 2 − x med |, with 1 winning a greater expected vote share.
All are equalities if and only if Σ is symmetric or µ = 1 2
.
Note that the conditions of the theorem are without loss of generality. Even with Culturally Independent preferences, the Median Voter Theorem is only a special case with imperfect beliefs. Convergence is an equilibrium if and only if both parties are viewed with precision by equal portions of the population or if the distribution of voter preferences is symmetric. Otherwise, a candidate who is viewed with greater precision will have the advantage in winning more "mainstream" voters, while those with weaker voter perceptions will specialize in appealing to outliers. This can generate policy divergence even without differentiated party bases.
Why does the Median Voter Theorem not hold without the above conditions? Suppose the two parties place their platform at the median voter's ideal point. By Proposition 1, voters will make their decision more on the basis of party 1's policy choice than party 2's. However, this asymmetry is minimal for those outlier voters to the extreme right, as they are unlikely to ever think any candidate is too extreme. In this case, the party who is viewed with precision by a smaller portion of the population could move away from the mass of the distribution (i.e. towards the skew) since they gain relatively more from the outliers whom are less likely to make ex-post errors. Inversely, the candidate who is viewed with greater precision will have an incentive to move towards the mass of the distribution as trying to appeal to voters in the skew would be too costly as they are viewed with such precision.
One implication of Theorem 2 is that it provides an electorally-oriented explanation for the move by incumbents towards the majoritarian position (i.e. the mass of the distribution), while challengers find themselves appealing to outliers. Presidents Reagan, Clinton, Bush, and Obama were all perceived as running more moderate campaigns on their re-election tries than when they initially entered the White House as representatives of the outsider party (American National Election Studies (2014)).
If we consider that an incumbent is more likely to actually implement the policies proposed prior to an election, and will receive more broad and free coverage from the media, it is reasonable to believe that such a candidate will be perceived with less error. Therefore, as a candidate, the incumbent will have more to lose from appealing to extremists relative to the masses. By contrast, any challenger to an incumbent will find it harder to challenge the incumbent directly with said masses, but will instead find the need to appeal directly to those who are highly unlikely to be pleased with the majoritarian policies of an incumbent, i.e. the outliers. This incentive structure is similar to models of valence which gives one candidate a discrete advantage (e.g., Groseclose (2001) ) or exogenous reputation (e.g., Bernhardt and Ingerman (1985) ), but does not rely on the presumption that voters have an inherent preference for the incumbent; instead, this equilibrium advantage is derived endogenously.
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While Theorem 1 is reminiscent of the major results in Glaeser, Ponzetto and Shapiro (2005) , these results do not rely on endogenous turnout, nor on activists who dismiss all signals from their out party as cheap talk. In addition, Theorem 2 shows that imperfect beliefs can lead to divergence even when the policy preferences of the two base groups are identical. Therefore, the imperfect beliefs voting model shows that divergence and polarization are a more fundamental function of plurality elections whenever voters may have imprecise beliefs over policy. In addition, the model can internalize the mechanism of targeting base groups while also retaining the tractability of the probabilistic voting model for applications, as in section 5, and while generating polarization even without differentiated activist groups.
By way of an example, consider as above δ = 1 and ∼ N [0, 1]. In this case, however, let Σ be distributed according to an asymmetric triangle distribution, peaked at 1 3
, and let µ = 1, such that θ i = 1 for all voters. In this case, P 1 = 1 3 and P 2 = 1. This means that the "minority" party may actually take a position to the right of the most extreme voter within the distribution.
Cultural Groups, Imperfect Beliefs, and Polarization
As shown above, political polarization does not necessarily matter by itself, since politicians will still converge to the median as long as the precision of beliefs is not tied into their preferences or distributed asymmetrically. Candidates only become more radical when sociocultural distance increases and voters become more likely to have imperfect beliefs concerning certain candidates. This provides a new avenue for empirical exploration, as social sorting may be driving recent ideological divergence within the parties. In particular, the stark results of Gentzkow, Shapiro and Taddy (2016) , finding that parties increasingly use particularistic, polarized language which is only intended to reach base voters, should indicate a potential social mechanism for political polarization.
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The model rationalizes a set of stylized facts concerning the rise of polarization noted in McCarty, Poole and Rosenthal (2006): not only has polarization risen even when controlling for the demographic characteristics of the electorate and the candidate, but said characteristics remain statistically and economically significant. In fact, as polarization has risen, the importance of voter demographics for policy outcomes has risen as well! These facts are difficulties for models which rely on the increasing homogeneity of parties alone to explain polarization, as well as for those models which credit institutional changes. By contrast, the model is able to explain this problem: as groups self-segregate, the accuracy of their beliefs become more asymmetric with respect to candidates of the different parties, driving polarization; however, in any given district, the median of the voting population, around which both parties diverge, will become more dependent on the differentiated underlying characteristics of the district. Meanwhile, candidate demographics remain important, as their cultural base will depend on those with whom they can more easily communicate, which is likely dependent on their socioeconomic descriptors.
The imperfect beliefs voting model offers an alternative, consistent explanation for outcomes that had previously been credited as evidence to the citizen-candidate model (e.g. Pande (2003) ). For example, Chattopadhyay and Duflo (2004) observe that quotas requiring that some districts only offer female candidates in India have led to public goods being offered which are preferred by women. While this has often been cited in support of citizen-candidate, the imperfect beliefs voting model shows how such results could be driven by the fact that now only candidates who can communicate perfectly with female voters are being nominated, while before candidates tended to be able to communicate more easily with men. Such an alternative result is consistent with Stadelmann, Portmann and Eichenberger (2014) , which found that there was generally no difference between male and female politicians except on social and redistributive issues, which are the most likely to be clouded by differences between gendered language. In this way, the imperfect beliefs voting model offers many opportunities to add to the exploration of particularistic public goods provision.
The imperfect beliefs voting model also addresses concerns with primary-based explanations for divergence, such as Alesina and Holden 2008 and Agranov 2012 . McCarty, Poole and Rosenthal (2006 show that polarization decreased in the United States as political primaries became more widespread, while Woon (2015) found no experimental effect from the presence of primaries. The imperfect beliefs voting model does not rely on such institutional structures to drive its results. The model provides an explanation for the a priori strange result that the rise of primaries in the United States may have actually reduced polarization between the parties.
We also consider additional comparative statics under various assumptions on the error distribution in Appendix C.
Application: Imperfect Beliefs and Redistribution
One of the most important questions in positive political economy is the relationship between inequality and real economic outcomes. In particular, there has long existed an intuition that the distribution of material wealth within a society will have an impact on the size and role of government within that nation, either via public goods allocations or direct redistribution and/or social insurance. Typically, such analysis is pursued via a standard model of redistributive taxation as popularized by Meltzer and Richard (1981) . The model contains a continuum of voters who only differ over their effective wages. They first vote between candidates who campaign over a redistributive program that taxes income and redistributes evenly to the entire population. They then choose how much to work based upon the policy selected by the winning candidate. This can and has been easily modified to consider the cases of public goods, unemployment insurance, and other measures of general government involvement, but I will limit myself to the straight redistribution case.
The key result in the standard framework is that voters who have effective wages less than the average will prefer some level of redistribution, decreasing in their wage, while voters who are capable of earning wages higher than the average will prefer income subsidies. This derives a set of predicted political outcomes based upon a specific measure of inequality: the spread between the median and mean wages. Since wages and incomes tend to follow a log-normal distribution, the median wage will be less than the mean. A model with perfect beliefs, therefore, provides us with clear comparative statics:
Downsian with Perfect Beliefs Results:
1. An increase in the wage held by the rich, holding the median wage constant, will increase the level of redistribution;
2. A decrease in the wage of the poor, holding the median wage constant, will decrease the level of redistribution.
These results are driven by the fact that the median voter will pick a preferred tax rate based upon how much he expects to gain on net. Since he expects to receive the tax rate multiplied by mean income, while losing the tax rate multiplied by his own income, a larger amount of inequality will increase the mean wage relative to his own and increase his net gains. In contrast, when poverty increases, there is less to gain from a high tax rate, and therefore he will tend to prefer relatively small government. The empirical data on the role of inequality on the level of redistribution is, however, mixed (see, e.g., de Mello and Tiongson (2006) for an overview); therefore, there is a growing literature attempting to find other sources of interaction between rising inequality and positive political outcomes.
Within the framework of the model, preferences are distributed from Σ ∼ [τ * min , τ * max ]. In addition, citizens sort into neighborhoods, social groups, and parties based upon their income. Such sorting is consistent with evidence presented by McCarty, Poole and Rosenthal (2006) that district level income has only begun to matter for policy outcomes since the 1990s; prior to that, the rich and poor were relatively mixed within the same districts and had more similar social behaviors. Therefore, let us consider a version of the imperfect beliefs voting model applied to this setting:
Redistribution with Imperfect Beliefs
In a world in which the model holds, candidate 1 is observed better by poorer voters, while candidate 2 is observed more easily by the rich, with potential overlap. Note that this does not require culturally dependent preferences, as b = τ * max and c = τ * min are allowed. However, it is realistic to assume that there is correlation between income and ability to observe and interpret platforms of different candidates, and such an assumption enhances the following results.
In total, the model provides a set of results that may more realistically match the empirical evidence than the model with perfect beliefs:
Result: P 1 will offer a larger tax rate than τ * med , and P 2 < τ * med .
Let P 1 = τ * med + . Then, P 2 < τ * med − . Also, the party with the poorer base will win a larger vote share. This is a direct result of Theorems 1 and 2 and Proposition 2, which can be found in Appendix C. The candidate of the rich will have an incentive to offer less redistribution in order to limit the chance that moderately wealthy voters will vote for the other candidate, and vice-versa for the candidate of the poor. Therefore, ex ante, we could see either a small government candidate or a big government candidate win the election, though the candidate in favor of more redistribution will be more likely to win.
Due to the skewed nature of the income distribution, the difference between the wage of the richest and the wage of the median will be larger than the difference between that of the median and the poorest. By extension, the rich voters will prefer even smaller government relative to the median voter than the poorer voter will prefer large government. Therefore, the candidate of the rich has a more extreme base, ranging from those who prefer a mildly large government to those who prefer a radically small government that incentivizes work. Therefore, in order to maximize his chances of holding onto the richest members of his base, the rich candidate must be more extreme than his poor counterpart.
As in the Downsian model, however, the cause of the expected increase in poverty will impact the expected outcome on policy. The difference in the model is that the change will depend on the relative probabilities of the two candidates winning rather than on equilibrium policy. As noted above, any increase in inequality will cause further divergence in policy platforms; however, property 2 tells us that the cause of the change in inequality will determine the changes in the vote share: Result: An increase in the wage of the rich, holding median wages constant, will increase τ 1 and π, and will decrease τ 2 .
A decrease in the wage of the poor, holding median wages constant, will increase τ 1 , and will decrease τ 2 and π.
Consider an increase in inequality driven by a rise in wealth at the top (an increase in τ * max in this framework). In this case, the spread of the income distribution within the base of the upper-class candidate becomes even wider relative to the base of the lower-class candidate. Therefore, π rises and the big government candidate becomes more likely to win. We have two reasons to expect to observe bigger government here: the big government candidate will want even more redistribution and he will win a higher vote share. While it is true that the small government candidate will want even less redistribution, he is similarly less likely to win.
In contrast, when inequality rises due to an increase in poverty (a decrease in τ * min ), this increases the relative spread of the poor candidate's base with respect to the candidate of the rich. Therefore, while the platform dynamics are the same, in this case, π decreases. Thus, the small candidate will become relatively more likely to win. Note, however, since incomes are still skewed, π is still greater than one-half. Thus, while the candidate of the rich will now offer an even more radical smallgovernment program and will be more likely to win than he was before, the big government candidate is still more likely to win ex ante, and he is offering even more taxes than before. This helps to explain why the evidence for the Downsian model's claim that increases in poverty will decrease demand for redistribution tend to be weaker: while the median voter may now prefer relatively smaller government, the bigger government candidate will still be more likely to win, and now has a party base that wants even more government taxation and spending.
Indeed, taking data from the World Top Income Database and DW-Nominate Scores, the rise in inequality strongly tracks the rise in polarization (Alvaredo et al. (2014)). In Figure 7 , I compare the DW-Nominate polarization used above with the Inverted Pareto-Lorenz Coefficient, which, as explained in Atkinson, Piketty, and Saez, is a strong determinant of the percentage of wealth increases that will accrue to the top of the income distribution (Atkinson, Piketty and Saez (2011)). For the sake of the analysis above, this is exactly what we need, as it holds the total wealth (i.e. that of the median voter) constant. Therefore, as the model predicts, the increase in divergence on economic issues is to a large extent driven by an increase in inequality.
Discussion of the Model
Beliefs
An alternative explanation for additively symmetric beliefs is that voters must undertake costly interpretation of platforms (e.g. Ergin and Sarver (2010) ). We may consider voters who must expend some cost to interpret the platforms of each candidate, and hence their ex-post utility from voting for a particular candidate. In such an extended model, suppose that both platforms are initially observed as P j + j i for both candidates, but that the voters may expend some cost ψ j to reduce σ j , therefore reducing their expected error. If a voter in the base of candidate 1 must expend a higher marginal cost to interpret the policy position of candidate 2, their ex-post error | 2 i | will be higher in expectation. We can therefore think of δ as being isomorphic to the cost of interpretation. The beliefs of the imperfect beliefs voting model are hence generated by the simplified scenario in which the marginal cost of interpreting a base candidate is zero, while being positive for the other candidate.
Search for information is also left unmodeled. Therefore, δ can also be interpreted as containing the difference in "free" (i.e. available without search) information available to members of a party's cultural base. This is the information that is picked up tacitly via day to day interaction with different groups of people. Thus, even though the internet has lowered the cost of acquiring information, it has also allowed greater freedom to choose particular sources, thereby increasing the asymmetry of information acquired for free by those who participate in certain social circles related to one candidate versus those related to the other. As voters are no longer exposed to the same baseline set of information and are given the ability to limit their exposure to "ideologically discordant" content (e.g. Bakshy, Messing and Adamic (2015)), we can consider this an increase in sociocultural distance in beliefs, and hence δ.
These results are also equivalent to a model with bounded rationality, in the sense that voters simply vote their beliefs without showing any concern for the possibility that they are wrong; they are unaware of the model. In general, this "irrationality" is both consistent with the literature on turnout (in which voters who show up for elections tend to believe that they have strong information) and actual voter behavior. In addition, due to the well-recognized incentive for voters to be ignorant and irrational due to their vanishingly small probability of affecting outcomes, it seems consistent to assume that they would not spend significant time modifying their voting behavior for the possibility of error. As noted by Schumpeter (1942) : "The typical citizen drops down to a lower level of mental performance as soon as he enters the political field. He argues and analyzes in a way which he would readily recognize as infantile within the sphere of his real interests."
It does seem reasonable that voters will use heuristics such as party and candidate history to aid in their voting decisions. For an overview of this literature, see Hinich and Munger (1996) and Lupia and McCubbins (1998) . Indeed, Lau and Redlawsk (2001) showed that at least 75 percent of voters made the "correct" decision with respect to their policy preferences within an experimental setting. However, these results are ex post, ignoring the strategic role of the possibility for ex-post errors in candidate policy settings. Indeed, in equilibrium, the two parties will differentiate themselves enough such that voters are less likely to make ex-post errors. In addition, note that the use of heuristics actually makes those voters who do not receive precise signals less elastic with respect to "opposing" candidate policies, and therefore further reduces the incentive to appeal to these voters, increasing divergence in any equilibrium.
Cultural Bases
It is the potential asymmetry in bases which will drive the important results, so it is useful to explore the rationale for this assumption. Parties draw their candidates from a pool of members (in our terminology, from their base) who will possess certain traits, sociological characteristics, and verbal characteristics. This is explicit in nations with a number of particular dialects, such as many Asian and African polities. Even within the United States, however, terms such as "liberty", "freedom", and "education" take on very different meanings for different groups of people. Therefore, even if the candidate wishes to signal his platform perfectly, he will only be able to do so for those who are most similar to him and/or who run in social circles where his positions are more widely known (the other members of the base). While it may be possible, or even virtually costless, for voters within the other base to determine his platform, they are unlikely to be willing to invest much, if anything, to acquire this information.
Consider, for example, the use of the term "welfare" within the economics profession in contrast to the general population. When an economist discusses maximizing welfare, he would simply mean improving quality of life; many others would hear the same phrase and believe that the economist means to increase the size of what is commonly referred to as the welfare state. A cursory internet search would allow one to square the circle, so to speak, but does one expect the voter, knowing that she is unlikely to make a difference in end policy regardless of her vote, to take the time and effort to do so?
Being within a party's base is not the same thing as being a member of that party; it simply means that that party can credibly signal his intentions to you, and therefore you can have more certainty over what they are offering should they be elected. The concept of cultural bases is analogous to the parties having a comparative advantage in communicating with and being observed by certain groups of voters. Within Appendix B, I relax this assumption, allowing some voters to be either within the base of both parties, or neither, and allowing the cultural base to have noisy, albeit less noisy, beliefs. Generically, this leads to relatively more convergence, as the incentives of the two parties are more in line, but does not distort the qualitative results.
Another justification for the assumption of separate bases comes from the realm of media choice. As media choices on television, and particularly the internet, have proliferated, so too have the focuses and political slants of these mediums. Voters, facing a limited amount of time and desire to consume news sources, tend to sort by demographics into viewership cohorts which consume news specifically targeted towards them. Political affiliations tend to be one of the most important determinants of media choice, and therefore these sources have an incentive to provide more accurate information on the parties and candidates represented by viewers (see e.g., Groseclose and Milyo (2005) (2011)). Therefore, we can consider candidate cultural bases to be the viewers of news networks that favor (in terms of accuracy) a particular candidate (i.e. Fox News for Republicans, MSNBC for Democrats). Since they will be gaining accurate information about one candidate on average, they will have a more refined signal of that candidate's platform, while they will be left with whatever passive information they acquire concerning the other candidate.
Note that property 1 provides a connection between the model's definition of a "base" and the intuitive notion of a candidate's base being those voters whom the candidate must win in order to take an election. Base voters will be those whom are most responsive to the candidate's policy pronunciations, and, therefore, on equilibrium path they will vote for the candidate with higher probability. These are the voters to whom the candidate will primarily seek to appeal. Therefore, an evangelical Christian candidate such as Mike Huckabee will seek to win evangelical Christians first and foremost, while an older veteran such as John McCain will focus on older voters with connections to the military. These will not be the only voters they seek out, but they will be the voters who take priority. Note that, unlike models of valance, these voters are not defined as exogenous voters who will naturally vote for these candidates, but instead arise endogenously as they are easier to be reached by said candidates.
Conclusion
In the previous literature, Downsian convergence was the norm and divergent outcomes were the cause of some external force, such as lobbying or commitment problems combined with personal candidate preferences, and therefore policy solutions to divergence have focused on regulating these areas through campaign finance reform and gender/racial quotas within legislatures. The imperfect beliefs voting model, however, shows another explanation for divergence: voters are rationally ignorant over policy and have little incentive to improve upon such ignorance combined with the fact that it is more difficult to communicate information to groups with whom you have less in common. When the core supporters of the two parties communicate less with each other, then voters are marginally more valuable to those whom they observe better. Therefore, unless the candidates and bases are perfectly identical, we will not have convergence to the median voter, but instead the divergence which we witness in reality.
This changes the role that culture and communication play in policy formation. As communities and cultures become polarized, their politics will become more polarized as well. It does not necessarily matter if the politics are polarized in and of themselves: as long as communication is symmetric for the two parties, we may still get the median voter outcome. It is usually when right-wingers and left-wingers come from different socioeconomic groups that do not communicate well with each other that we get divergence. This has potential implication for public goods and inequality, particularly in ethnically diverse developing countries, which need to be explored.
In some ways, the imperfect beliefs voting model underestimates the divergent behavior in political parties; politicians likely have some personal policy preferences as subjects to the laws that they will pass, and will therefore take advantage of their imperfect beliefs to pull policies towards their own preferences. This is particularly true if those with more extreme preferences are those more likely to be drawn to politics. In addition, when considering incumbency and the potential of having held office prior to election, it seems likely that there will always be one candidate whom voters can observe more perfectly.
It would be feasible and interesting to extend this framework to include endogenous search for information on the part of voters. Depending on the information structure available, the results could either be attenuated or enhanced. Therefore, one could look for interactions between this model and the literature on political information and media (e.g., Mullainathan and Shleifer (2005) ; Gentzkow and Shapiro (2010) ).
In addition, the model should be extended to a dynamic setting to find implications for party formation, since the ethnic and cultural components of a party are not in fact exogenous and static, as modeled here. In addition, voters will have idiosyncratic ways of thinking about campaigns and will respond differently to differing messages. This has clear strategic implications for parties over and across campaign cycles, and could help shed light on why campaigns matter at all. It would also be of use to consider how the model would change the results with targeted, rather than general, redistribution, a la Lizzeri and Persico (2001) .
The same case can be made for using the imperfect beliefs voting model to examine candidate selection, which would provide additional testable implications between the model and citizen-candidate models. One could imagine that such repetition would allow the use of heuristics to form prior over party and/or candidate behavior, though, as discussed above, such priors will actually increase political polarization as voters with noisier beliefs become even less elastic to party policy platforms. Therefore, the model implies that an increase in polarization is potentially a natural outcome of voter learning over time.
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A Proofs
A.1 Property 1 WLOG, let P 1 < x. The probability of voter i voting for 1 is 1 + F (
, and for voter j it is F (
). Therefore, the responsiveness of voter i's propensity of voting w.r.t. P 1 is 1 δ [f (
, and the inverse for x.
A.2 Theorem 1
First, note the first order derivatives with respect to P 1 and P 2 (4) w.r.t.
let us prove a lemma. Lemma 1: Any pair of policy platforms (P 1 , P 2 ) represent a political equilibria iff:
2. µ[
Proof) Since 4 and 5 must both be equal to zero for an equilibrium to exist, we can similarly set them equal to one another. This leads directly to 1.2. Plug 1.2 directly into either of the initial equations, and set equal to zero (an equilibrium condition):
dH(x)] By the symmetry of f, this simplifies to 1.1. It is trivial to see that if 1.1 and 1.2 both hold, equations 4 and 5 is always equal to zero. WLOG let µ < 1 2
and G > G med . First, to see existence of equilibrium, note that 1.1 can be re-written as
Therefore, 1.2 can be re-written as µ[
The RHS will be (1−µ)[
, which is > 0 by the symmetry of f and quasiconcavity of H.
The LHS will be µE G [f (
The RHS will be
)] < 0 by symmetry of f and quasiconcavity of H. Therefore, by continuity, there must exist a P 1 ∈ (a, b) that satisfies 1.2, and therefore an equilibrium exists. Now take the special case. Let us normalize x med = 0. Therefore, G(x) = 1 -H(-x) By lemma 1.1, we have that P 1 = −P 2 . Therefore, for 1.2 to hold,
Note that the LHS is increasing in P 1 and the RHS is decreasing in P 1 . Therefore, there is a unique solution.
It is sufficient to show that the LHS < RHS when P 1 = G med and that LHS > RHS when P 1 = x med .
Consider P 1 = G med . We can re-write as
. By the fact that G med < 0 and f is decreasing in |x|, the LHS < RHS. Consider P 1 = x med . By assumption, b ≤ |a|. Therefore, we can re-write the LHS as
By single-peakedness of G and symmetry of f,
Therefore, the LHS > RHS. Now, consider an equilibrium s.t.
)dG(x) and consider an increase in δ.
At P 1 * , the LHS would be greater than the RHS. Therefore, new equilibrium P 1 < P 1 * .
A.3 Theorem 2
By lemma 1.1, we know that if P 1 = P 2 , then either P 1 < x med < P 2 or vice-versa. If P 1 = P 2 , then both must equal x med . Note also that, by lemma 1.1, if G is symmetric about the median, P 1 = −P 2 . Next, looking at lemma 1.2: µ[
Note, also, that if G is symmetric, both the LHS and RHS are 0 iff P 1 = P 2 = x med . Otherwise, one side is negative, and the other is positive.
Suppose G is asymmetric and µ > 1 − µ. By lemma 1.1, µG(P 1 ) = 1 2
)dG(x) = 0 by asymmetry. However, since µ = 1 − µ, the two sides of lemma 1.2 are not equal, and therefore convergence cannot be an equilibrium.
WLOG let µ > 1 2
and G > G med . To construct the equilibrium, start from P 1 = P 2 = x med . Note that
)dG(x) > 0, and therefore the LHS is greater than the RHS.
We can re-write the above as:
As P 2 increases, the LHS decreases and the RHS increases, until eventually the LHS becomes negative (at some point, P * 2 ). Note that the LHS stays negative for all P 2 > P * 2 , and note that the RHS always stays positive for all P 2 > x med .
By continuity of F and G, the two will meet at one, and (due to the previous argument) only one, point.
B Relaxed Assumptions over Base Structure
It may be worthwhile to relax the assumption that each voter is within the cultural base of one, and only one, candidate. While that assumption is based on the idea that all voters can observe one candidate better than the other, whether through social network ties, communication, media choice, etc., it may be reasonable to wonder about a situation in which a voter is either perfectly informed about, or equally unconnected to, the two candidates. For intuitive tractability, let δ = 1, though one will note that none of these results depend on this assumption.
B.1 Voters in the base of both parties
First, let's consider voters who are in the base of both parties. These voters are perfectly informed about the policy platforms of both parties. Let CDF I(·)∼[e,j], with associated PDF i, represent the distribution of preferences for those within the base of both parties. Therefore, voter i in the base of both parties will vote for candidate k iff:
Thus, if we take µ 1 voters to be in the base of candidate 1 and µ 2 voters to be in the base of candidate 2, we can re-write the 1's vote share as:
This produces the following first-order conditions:
which leads to the following extension of Lemma 1:
Lemma B.1: Any pair of policy platforms (P 1 , P 2 ) represent a political equilibria iff:
(1 − µ 1 − µ 2 )i(
Comparing to Lemma 1, we see that A.1.1 remains unchanged. Recall that this equations comes from the asymmetry in incentives driven by the potentially differing bases. Therefore, both parties must maintain the same balance relative to their own respective bases. The only change occurs in the second equation, where we now find that there is less asymmetry between the parties due to the existence of some voters who are in the bases of both, therefore representing voters of the form of a normal Hotelling-Downs model. Result B.1: Consider a voting game Π, defined by {a,b,c,d,µ,F,G,H} as described above. Now consider the corresponding Π that adds a group of size (1-µ 1 − µ 2 ) distributed I from e to j s.t. I med = x med from the previous game:
The equilibrium of Π will feature p 1 and p 2 s.t.
Proof) Take the equilibrium form Π, as defined by Lemma 1. Note that the equilibrium still satisfies B.1.1; however, it now violates A.5.2. In order to raise the LHS of B.1.2 to reach equality, P 1 must increase. Note that this involves moving towards the median voter.
However, in order to maintain B.1.1, the two parties must maintain symmetry around the median voter.
Therefore, P 2 must decrease (move towards the median voter). However, note this only work is P 2 > P 1 , and therefore the two parties must remain to the left and right respectively of the median voter.
Note, the voting game Π is simply the original game in terms of noise, voter bases, and the median voter of the entire population. Therefore, the only change from the addition of a set of voters who are in the base of both parties is that there will be relatively less divergence. This is consistent with the standard Hotelling-Downs framework, and tells us that the closer we get to a world with perfect beliefs, the closer we get to convergence to the median voter.
B.2 Voters in the base of neither party
Next, let's consider voters who are in the base of neither party. These voters are unable to perfectly observe the policy platform of either party. Again, let CDF I(·)∼[e,j], with associated PDF i, represent the distribution of preferences for those within the base of neither party. Therefore, voter i within this group will vote for candidate 1 iff:
Thus, if we take µ 1 voters to be in the base of candidate 1 and µ 2 voters to be in the base of candidate 2, we can re-write the 1's vote share winning as:
Lemma B.2: Any pair of policy platforms (P 1 , P 2 ) represent a political equilibria iff:
Therefore, we can see that having a group of voters who are within the base of neither party changes candidate incentives; however, they do so in a way that is very similar to the noise in the base of the other party. On the one hand, there is now more incentive for convergence, since the voters who observe both parties with noise act as a probabilistic version of voters who observe both parties with certainty, as above, and therefore there is competitive pressure to move towards the other party and capture more of that group. On the other hand, these voters are still worth less all else being equal than voters in your own base, since you need to move closer to this group to get them to support you with the same probability. This leads to the following result: Result A.2: Consider a voting game Π, defined by {a,b,c,d,µ,F,G,H} as described above. Now consider the corresponding Π that adds a group of size (1-µ 1 − µ 2 ) distributed I from e to j s.t. I med = x med from the previous game:
1. The equilibrium of Π will feature p 1 and p 2 s.t. |p 1 − p 2 | ≤ |p 1 − p 2 |.
If |x
Proof) Take the equilibrium form Π, as defined by Lemma 1. Looking at 1.2, note that to make B.11.2 hold, it will be necessary for |p 1 − p 2 | ≤ |p 1 − p 2 |, giving result B.12.1.
In order for convergence to occur, at least one party must move towards the median voter.
WLOG, let |x med −p 1 | ≥ |x med − p 2 |. Now suppose, for a contradiction, that p 1 ≤ p 1 . Comparing 1.1 to B.11.1, the LHS of B.11.1 would be larger than the LHS of 1.1. Therefore, since 1.1 held with p 1 and p 2 , the RHS would need to increase as well. However, this would involve both parties diverging further from the median voter, violating B.12.1. Therefore, the party which was more divergent in Π must move closer to the median voter in Π , giving B.12.2.
Therefore, the addition of a median-preserving set of voters who observe neither party perfectly leads to a situation with more convergence between the two parties relative to Π, and at least one party moving closer to the median voter. This comes from the fact that you can rank the "priority" of voters: your own party's base first, followed by the voters who observe both with noise, followed by the voters in the other base. Therefore, the party who put more weight on his own base relative to the other party will always now be pulled towards the median voter by the relative addition of voters to the other side who are not in the other party's base.
B.3 Noise within Cultural Bases
Suppose that, instead of cultural bases having perfect information, they instead simply had a more accurate signal. In particular, let members of the cultural base of party 1 have beliefsp 1 i = P 1 + 1 , where 1 ∼F and F is a mean-preserving spread of F . Therefore, voter i within 1's base will vote for candidate 1 iff:
Thus, we can re-write the 1's vote share as:
and then the F.O.C. for the candidates:
Lemma B.3: Any pair of policy platforms (P 1 , P 2 ) represent a political equilibria iff:
Looking at Lemma B.3, one observes that B.3 simply represents a noisier version of Lemma 1, with expectations on the probability of voter i perceiving candidates 1 and 2 (respectively) being to her right and left. Therefore, all proofs can be re-created with equations B.3.1 and B.3.2 in place of equations 1 and 2 from Lemma 1.
C Polarization Comparative Statics
In order to test the model against other voting models which generate political polarization, there need to be additional testable implications. For example, let us consider one party's base becoming more extreme:
Proposition 2: Suppose f is convex. If H shifts to the right (i.e. H strictly firstorder stochastically dominates H) in a way that preserves x med , both P 1 and P 2 diverge from the median voter, with party 2 diverging by a greater amount.
The same is true if G shifts to the left in a similar fashion. This can be re-written as E h [f (
Consider h' s.t. x med still is 0, but h med > h med . In words, h has shifted to the right, but only to the right of the median.
Suppose P * 1 = P 1 . This leads to P * 2 > P 2 , and no change to the probabilities, but only to the expected f.
By construction, the effects on f(2x-P 1 − P 2 ) of P 2 increasing cancel out on both sides (due to the initial symmetry of g and h). Therefore, the LHS is now smaller than the RHS since the only net effect is on E h [f (2x − P 1 − P 2 )] caused by the shift in h.
WTS: The LHS is decreasing in P 1 at a faster rate than the RHS (or increasing at a slower rate).
The net derivative wrt to P 1 is [g(P 1 )H −g(P 1 )(2 + 2h −1 (1 − G(P 1 ))h(H −1 (1 − G(P 1 )))f (
By construction, g(P 1 )h −1 (1 − G(P 1 )) > 1. Therefore, it is sufficient for Since h(x) > g(-x), this is true by convexity of f'. As one cultural group begins to have a more extreme base, both parties may diverge further from the median than the symmetric case of Theorem 1. For the party that has more extreme members in its base, the effect is clear as the center of gravity among the group they can communicate with more easily has moved away from the median and towards the edge. In fact, the group becoming more heterogeneous moves farther away from the median. Interestingly, the party whose base stays the same also diverges as long as the mass of the error distribution is sufficiently near 0. This seems like a natural extension of the assumption of convexity of f, as small errors in beliefs are significantly more likely than large errors, particularly in the age of free information. They now have less worry that moderate members of their own base may believe the opposition is better for them through imperfect beliefs, since their errors would need to be even larger to make such a mistake. In addition, since moderate members of the other cultural base perfectly observe the party becoming more extreme, they will notice the divergence and, ceteris paribus, will need a smaller error in beliefs to vote for the opposite party. Therefore, even the party that has the more moderate base has an incentive to, in effect, "radicalize", as they will prefer to gain their own outer supporters with near certainty and risk that errors in belief will allow them to gain moderates from the other side.
Furthermore, the less extreme party will also win a larger share of voters:
Property 2: As H shifts to the right, the vote share of 1 will increase, and vice-versa for 2.
Consider moderate members of the party with a more extreme base. They perfectly observe that their own party has radicalized. Inherently, this makes them less likely to vote for the candidate of their own social group. As stated above, the party of the other social group will also diverge farther, making it unlikely that moderate voters will be better off switching; however, they view that other candidate with some error, and therefore will potentially miss his more radical platform. Therefore, since the more homogeneous social group candidate did not diverge as much as the heterogeneous candidate with more extreme observers, in expectation he will increase his vote share from the other candidate's base.
Indeed, if we look at the American National Economic Survey on voter preferences and compare the data to politician voting habits via DW Nominate scores, we find (Carroll et al. (2013) ; American National Election Studies (2014)). This is not polarization of the general population, but simply better sorting into the parties (Fiorina, Abrams and Pope (2005) ). Figures 4 and 5 are in line with the model: as more extreme voters sort into the same political parties, both parties diverge from one another. Such an exercise is not a perfect test of the model's predictions: ideally we'd compare party platforms within elections, but the model is broadly consistent with the stylized facts we observe concerning polarization and elections.
We can also consider the case where one party is a "natural majority". This is the case where one party can communicate more easily with the majority in the population.
14 This is additionally analogous to countries where one ethnic group makes up the vast proportion of the voter population. In such cases, the median voter is the median of party 2's base, and we converge to a Theorem 2 equilibrium:
Proposition 3: As µ → 0, both parties converge to the median voter if H is symmetric; similarly, as µ → 1 if G is symmetric. Otherwise, as µ → 0, party 2 converges to the median voter, but party 1 diverges; and vice-versa for µ → 0.
14 Consider a political economist running for office. Since academic economists make up a vanishingly small proportion of the population, while simultaneously speaking our own idiosyncratic language, it is reasonable that in an election between an economist and a non-economist, the noneconomist would be able to better communicate with virtually everyone in the voting population. In the imperfect beliefs voting model, this is represented by µ → 0 if party 1's slew of candidates are made up of entirely economists.
Proof) I will prove for µ → 0. The proof can be replicated in the other direction. By lemma 1.1, P 2 = H med = x med (since µ → 0) As µ → 0, equation 1.2 can be rewritten as
)∂H(x). By symmetry of f, the unique solution is P 1 = H med iff H is symmetric. Suppose H > H med . If P 1 = x med , the LHS > RHS. By continuity and single-peakedness of f and H, there exists a unique equilibrium s.t. P 1 > x med .
Intuitively, the natural majority leads to a return of convergence if and only if the natural majority has symmetric preferences. As µ → 1 or 0, it effectively returns to a case where preferences are independent from communication; the difference here is that there is still one party that has trouble communicating with what is now the general population. Therefore, we effectively recover the Theorem 2 equilibrium where bases are identical, since the minority party's base is of no consequence.
